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1. INTRODUCTION 
We denote by 0, the class of Lie algebras which can be generated by r 
elements. In this paper we will prove that if L is a Lie algebra and every 
0,-subalgebra of L is an (n + I)-step subideal of L then L is nilpotent of 
class depending only on rz. This answers a question raised in [l]. We prove 
also that for Lie algebras defined over fields of characteristic zero, a more 
general result holds. Then by employing the Malcev correspondence we 
deduce the corresponding result for torsion free groups. We also show how 
our methods enable us to prove a similar result for groups of bounded 
exponent and then discuss what happens in the case of groups of unbounded 
exponent. 
Following a result of Roseblade in [12], I. N. Stewart proved in [13] that 
any Lie algebra, all of whose subalgebras are n-step subideals is nilpotent 
(of bounded class depending only on n). The present author then proved the 
more general analogue of Roseblade’s result in [I]. The results we obtain 
here include both the preceeding and also solve, for torsion free groups, the 
question raised by Roseblade in [12]. 
The author is indebted to Dr. I.N. Stewart for many long and useful 
discussions and to him and Dr. D. J. McCaughan for pointing out a simplifi- 
cation in the proof of the result for groups of bounded exponent. 
2. NOTATION AND PRELIMINARY RESULTS 
Unless otherwise speczfied all Lie algebras considered will be dejned over a 
fixed field f of arbitrary characteristic. 
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We will employ the notation and terminology of [14] p. 291-294, but for 
the sake of convenience we list here the more important terms that we use. 
Let L be a Lie algebra. Then by H C L, H <L, H CI L, H si L, H qmL 
we shall mean that H is a subset, subalgebra, an ideal, subideal and m-step 
subideal of L respectively. If {Ai / i E I} is a family of subsets of L, then by 
(Ai / i E 1) we shall mean the subalgebra of L generated by the Ai’s. In Case I
is a finite set we write this as (Ai, Ai ,..., A,). Square brackets [ , ] wili 
denote Lie multiplication. If A, B CL, then [A, B] denotes the vector 
subspace spanned by the elements [a, b] with a E A and b E B. Inductively we 
define [A , IL+lB] = [[A, ,B], B] and put [A, ,,B] = A. We also define for 
a, b EL, [a, ,,b] = a and [[a, $1, b] = [a, n+ib]. If a, , u2 ,... EL we put 
%+,I = [[a1 ,.a’> u,], a,,,] and for subsets A, , A, ,... we define 
El’;:::, A,,,] = [[A, ,..., An], A,,,]. 
If A, B CL, then AB (resp. (AB)) is the smallest subspace (resp. sub- 
algebra) containing A and invariant under Lie multiplication by the elements 
of B. Let H <L. Then we define the ideal closure series 
of H in L inductively by HO = L, Hi = (HHp-l> (i > 0). Then H 4 nL if 
and only if H = H,, and H si L if and only if H = H, for some n. 
For a given H we refer to Hi as the ith ideal closure of H (in L). 
We denote by Ln, Ltn), Z,(L) respectively, the nth terms of the lower central 
series, derived series and upper central series of L. We define L’ = L, Ln+l = 
[L”, L]; L’O’ = L, L(“) = [L(n-l), L’“-1’1; Z,(L) = 0, Z,(L) = Z(L) = 
center of L = (x EL l[L, x] = 0} and Z,(L)/Z,-,(L) = Z(L/Z,-,(L)). 
By a class 3 of Lie algebras (over f) we shall understand a collection of Lie 
algebras together with their isomorphic copies and the O-dimensional algebra. 
If X, r) are two classes then X < 2J denotes inclusion. Let (0) be the class of 
O-dimensional algebras. A closure operation A assigns to each class X another 
class AX in such a way that (i) A(O) = (0), (ii) 3 < AX and A(B) = A;x 
and (iii) if X < 9, then AJE < Ag. If X, ‘I) are two classes then X9 is the 
class of all Lie algebras L with an X-ideal H such that L/H E 9. Inductively 
we define X, *.. X, = (X, ... X,-r) X, and write this as 33 if all the Xi’s 
equal 3. 
If x is a class and A a closure operation then we say that X is A-closed if 
x = A3z. 
We will need the classes 3, grn , 0, 0, , U, ‘3, ‘?Ro f finite dimensional, 
finite dimensional of dimension < m, finitely generated, generated by ,< Y 
elements, abelian, nilpotent and nilpotent of class < c, Lie algebras respec- 
tively. We also define the classes 
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by L E ZJ if every subalgebra of L is a subideal; L E 3, if every subalgebra of L 
is an n-step subideal; L E I?“,, if every 0,-subalgebra of L is an n-step 
subideal; L E !$I if every l-dimensional subalgebra of L is a subideal and 
L E 0, if [x, ,r] = 0 for all x, y EL. Thus b is the class of Buer algebras and 
OZn the class of Lie algebras satisfying the nth Engel condition. 
We need the closure operations S, I, Q, E, L defined as follows. A class X is 
s-closed, r-closed or Q-closed according as a subalgebra, ideal or quotient of 
and &algebra is always an x-algebra. We define EX = U,+i 0~) 3En and 
L E LX if every finite subset of L is contained in some X-subalgebra of L. 
Thus EU is the class of soluble Lie algebras, Urn is the class of soluble Lie 
algebras of derived length < m, and L% is the class of nilpotent Lie algebras. 
THEOREM 2.1. !B < L~I. 
Proof. See [I]. 
Evidently %,,r,+i < a,,, < Dn+,,r < 23 and so ID,,, < ~'8 for all n and Y. 
Furthermore 
To prove (1) we use the following result of Hartley [7]. 
LEMMA 2.2. Let L E ~'8 and M be a minimal ideal of L. Then M < Z(L). 
znpmtinrlarl~Y~LadYE~m,thenYEZ,(L). 
Suppose that L E a,,, . Then L E L!II from above. Let X be a I -dimensional 
subalgebra of L so that X an L. Then we have [L, n-1Xj C X,-, , the 
(n - 1)th ‘d 1 1 t ea c osure of X in L. But X 4 X,-r and X,-i E L'~R and so by 
Lemma 2.2 [X,-i , X] = 0. Therefore [L, ,,Xj = 0, and (I) is proved. 
The following result follows from Theorem 3.2.3 of [ 131. 
LEMMA 2.3. Let X be a class of Lie algebras which is I-closed and Q-closed. 
ZfXnW~9&,th~foraNd>O, 
It is fairly well known (see for instance [A) that a finitely generated nil- 
potent Lie algebra is finite dimensional. Furthermore every such algebra is the 
homomorphic image of a free nilpotent (of the same class) Lie algebra on the 
same number of generators. We denote by f (c, I), the dimension of the free 
nilpotent (of class c) Lie algebra on I generators. Then we have 
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If also c > 1, then it follows easily that 
Y(Y + 1)/2 <f(c, Y) < Y(Yc-l + 1)/2. (3) 
It follows from Theorem 1’ of [5] that En r\ EU < L%. However we require 
the more precise 
LEMMA 2.4. 6, n a,,, < gf,(n.r) , for somef,(n, Y). 
Proof. Let L = (x1 ,..., x,} E ID,,i . By the Derived Join theorem 
(Theorem 3.2 of [2]), there is a d depending only on 71 and Y  such that L E W. 
Thus the result will be established if we prove 
LEMMA 2.5. For each n, m, Y there is an integer c = c(n, m, Y) such that 
Proof. By induction on m. Let L = (xl ,..., x,) E C& n Urn. If m < 2, 
then Xi = (xsL) E!Rn, for all i = l,..., Y. This follows easily by noting that 
X,S+l = [L2 n Xi,+] 
for all s > 0. Hence by Lemma 1 of [7], L E ‘%,., . Suppose that m > 2 and the 
result true for m - 1. Let B = Lfrnm2) and A = L(m-l). Then B2 = A, and 
Aa = 0. By induction L/A E ‘9&t , where c’ = c(n, m - 1, I). Thus by (2), 
L/A E Bf;(ep,r) and so we can find y1 ,...,yk (K <f (c’, Y)) in B such that 
B = (Yl ,-*-, y& + A. Since B E U2 it follows as in the first case that 
Yi = (ytE) E !& for each i (since B E Q?,) and so B E %l+nle . This implies 
(by Theorem 3.2.3 of [13]) thatL ~92~ where c = (1 + nk) c’ + (c’ - 1) nk. 
This completes our induction on m. 
From (2) and Lemma 2.5 we may take fi(n, Y) = f (c, Y) where c = ~(11, d, Y). 
Here and in the sequel the symbols fi(n, m,...) for i = 1, 2,... will denote 
nonnegative integers depending only on the arguments shown. 
3. THE KEY LEMMA AND ITS CONSEQUENCES 
The one result which has made this paper possible is the rather simple 
LEMMA 3.1. Let L be any Lie algebra and A, B, H subakebras of L and 
J=(A,B,H).IfA2=B2=0,andAQJ,BqJandA/HnAE& 
andBIHnBE&,thenform >O, 
[A, 4/H n 14 Bl E FL . 
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Proof. We note that [A, B] is also an abelian ideal of ] and contained in 
A n B. Let X = [A, B]/H n [A, B]. Then 
and 
(HnA+[A,B])/HnA<A/HnA 
(HnA+[A,B])/HnAg[A,B]/HnAn[A,B] =X, 
since [A, B] < A. Suppose m > 0 and X$ &-1, then dim X = m. Hence 
dim (H n A + [A, B])/H n A = m and since dim A/H n A 6 m, we must 
have (H n A + [A, B])/H n A = A/H n A. Thus 
HnA+[A,B] =A 
andbysymmetryHnB+[A,B]=B. 
Therefore [A, B] = [H n A + [A, B], B] = [H n A, B] (since B2 = 0) 
=[HnA,HnB+[A,B]] =[HnA,HnB] 
(since Aa = 0) and so [A, B] < H. This implies that dim X = 0, a contra- 
diction. This proves the lemma. 
As a corollary we have the very useful 
LEMMA 3.2. Let L be any Lie algebra and (A, 1 i E I} a family of abelian 
ideals of L and let K = (Ai 1 i E I). If H <L such that A,IH n A, E 5, 
for all i E I, then 
Kcm’ < H. 
If also L EL%, then 
H 4m(m+1)/2K + H. 
Proof. If m = 0, then each Ai < H, and so K = K(O) < H. Let m > 0, 
and assume the result is true for m - 1. Clearly K2 = ( [Ai , Aj] 1 i, j E I) and 
by Lemma 3.1, [A, , A,]/H n [A, , Aj] E &,-1 for all i, j E I and [A, , A,] is an 
abelian ideal of L. Therefore by the inductive hypothesis 
K(m) = (&75-l) < H. 
If L EL%, then by induction 
H 4(m-l)7WK2 + He 
A second trivial induction on r shows that 
(K + H)r+’ < K2 + [K, ,H] + H++l. 
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But for. each i, A,/H n Ai Q (Ai + H)/H n Ai and so by Lemma 2.2 
A,/H n Ai < ,?&((A, + H)/H n Ai). This implies that [Ai,m H] < H n Ai. 
Since K = ..& Ai we have [K, ,H] < Hand so 
(K + H)“+’ < K2 + H. 
Therefore (K2 + H) Q~ (K + H) and the required result follows. 
Remark 1. It is not very hard to see in Lemma 3.1 that to obtain the result 
stated it would have been enough to take A2 < Hand B8 < H, and 
A, B u J = (A, B, H). 
A similar remark applies to Lemma 3.2. 
As an immediate consequence of Lemma 3.2 we have 
TWEORRM 3.3. Let n be a positive integer, L a Lie algebra and X CL such 
that L = (X) and 
(i) IfxEX, then(xL 
(ii) If x, ,..., x, E x, then (Xl ,...) x,) a”L. Then L E IV’-). 
Proof. If 12 = 1, then by Lemma 2.2 (for clearly L E L’S) for each x E X, 
<x> = w> d Z,(L), and so L E U. Assume that 1z > 1. Let xi ,..., x, E X 
and Y = (x1 ,..., x,) and put T = (YL) and u = [xi ,..., x,,]. Put H = 
C~(U). Now ? = Cy=, (+) and so by (i), T E 9&. Thus YE 23, n %,, and 
hence by (2), YE sf(n,n) . Clearly 
[L, U] < [L, Yn] < [L, ,Y] G Y n Tn 
since Y an L. Thus [L, U] < Z,(Y), since Tn+l = 0. Let m = dim Z(Y), 
then clearly m <f(n, n) - 1 (else Y = Z(Y) which implies that dim Y = n 
and f(n, n) < 71, a contradiction since n > 1). Let A be any abelian ideal of L. 
The adjoint map 
u*: a -+ [a, u] 
defines a Lie homomorphism of A into itself with image [A, u] and kernel 
C,(U) = H n A. Thus A/H n A z [A, U] E ‘&. Since L is generated by 
abelian ideals we have by 3.2, L(“) < H. But 
L” = ([x1 ,..., xJL 1 all xi E X) 
and so L* < CL(L(“)). Finally 
L(m) <L” <L” 
(since tl > 1) and so (L(m))2 = 0, and the proof is complete. 
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DEFINITION. Let L be any Lie algebra and m a positive integer. Then we 
define 
a”(L) = {x EL 1 (X1.) E Urn}. 
Clearly am(L) is closed under scalar multiplications and invariant under 
multiplications by the elements of L, but is not in general a subspace of L. 
We will write a(L) for a’(L). 
Following the proof of Theorem 3.3 we have the following result which 
is well known. 
If A is an abelian ideal of a Lie algebra L and x EL, then 
A/C,(x) = [A, xl 
It is trivial to verify that 
a,,, = a, = u 
It was proved in [I] (Theorem 3.4) that 
(4) 
(5) 
LEMMA 3.4. To every pair of positive integers n, m there corresponds an 
integer fi(n, m) such that 
The following result was also proved there. 
LEMMA 3.5. Let s, t be positive integers such that 1 ,< t < s. Suppose that 
L E ID,,, and H is a B1-subalgebra of L. If Hj , 0 < j < n, denotes the jth ideal 
cos~eofHinL, thenforeachj,O <j <n, 
We are now ready to prove our first main theorem. 
THEOREM 3.6. Given any positive integer n, there exists f3(n) such that 
Proof. By induction on n. If n = 1, put f*(n) = 1. Let n > 1 and assume 
that the result is true for n - I. Let L E a,,, and x EL and put X = (x). 
Then X 4” L, and if X, , 0 < i < n is the ith ideal closure of X, in L we 
have by Lemma 3.5, Xi/Xi+, E Da-i.n-1 < Dn-i.n-i < !JIf,(n-i) , by induction. 
Let m =fs(n- I)+ **a + fs(l). Then we have Xfm) < X, = X. If 
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Xim’ # 0, then X = Xim) Q L, and so X = X, and hence Xi” = 0, a 
contradiction, since m > 0. Hence Xi”’ = 0, and L = (a”(L)). 
Define for each j, 0 < j < m, L, = ((xL>(j) [ all x EL). Then L, = 
L, L, = 0, Lj 4 L for all j, and clearly 
LiILj+l = (a(Lj/Lj+l)>- 
BUtUL,+l E Bn,n and therefore by Theorem 3.3, 
Lj/Lj+l E Uf(n*n)a 
Hence L(nzf(42*n)) = 0 and finally by Lemma 3.4, 
where fs(n) = fs(n, (fs(n - 1) + ... +fa( l))f(n, n)). This completes our 
induction on n and with it the proof of Theorem 3.6. 
It is natural to ask for a given r, how large 71 should be to ensure that 
Qr < B. We will show that n cannot exceed r + 1 if the characteristic of 
the field f happens to be 2. 
First we will prove that a can be Y  + 1. To do this we need some discussion 
about Engel conditions. 
4. ENGEL CONDITIONS 
Let L be a Lie ring and for each x EL let 
x*:y-t [y, x] ally EL 
be the adjoint map ofL induced by x. If m is an integer then we say the charac- 
teristic of L is prime to m if and only if for any x EL, mx = 0 implies x = 0. 
We denote by der(L) the set of all x* for x EL. Thus der(L) is the deri- 
vation ring of L. Ifg(x,*,..., x,*) is a polynomial in the xi* (i.e., an element of 
the universal envelope of der(L)) we define 
L(g) = {a EL 1 C&C,*,..., x,*) = 0, all xi EL} 
Then from Higgins [IO] (p. 11) we have1 
(6) 
LEMMA 4.1. LetL be a Lie ring andg(x,*,..., xr*) apolynomial of degree not 
exceeding m in each of its arguments. Then L(g) Q L provided that either (i) L 
has characteristic prime to m!, OY (ii) g is homogeneous in each of those arguments 
1 See also Lemma 3.4 of Stewart [ 151 for a stronger statement in case L is an algebra. 
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which occur with degree m and L has characteristic prime to (m - l)!. Further, 
in case L(g) Q L, if n is an integer such that L has characteristic prime to n, then 
L/L(g) as well as L(g), has characteristic prime to n. 
Let c, m be positive integers. Then we define 
gc,m(xl*,...’ x,*) = x1*” **a x; (7) 
Then it follows by Lemma 4.1 that for any Lie ring L, 
L(g2Jd Q L for all m (8) 
From this we deduce a result which seems not to have appeared in the 
literature. 
THEOREM 4.2. Let L be any Lie ring of characteristic prime to 2. Then for 
any positive integer m, 
L(g2.m) G -Gm(L). 
In particular if every subring which can be generated by m + 1 elements is 
nilpotent of class < 2m, then L is nilpotent of class < 3m. 
Proof. We induct on m. Suppose m = 1 and a E L(g2,J and x, y, z EL. 
Then 
Therefore 
Thus 
[a, [x, Al = [a, x, rl - [a, y, 4 = 2[a, x, A 
But 
[a, [x, Y, 41 = W, Lx, ~1, 4 = 4% x, Y, 4. 
[a, [x, Y, 211 = [a, b, ~1, 4 - [a, z, Lx, ~11 
= 36 x, Y, 4 - 43 2, x, ~1 
(since by (8) [a, 4 EL(g2.J and by (9)) 
= 2[a, x, y, 21 + 2[a, x, 2, ~1 
(since from above [a, x, z] = -[a, z, x]) 
(9) 
= 2[a, x, y, 21 - 2[a, x, y, z] = 0 
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(since by (8) [a, 4 EGrd and so [u, x, y, z] = -[a, x, z, y]). Hence 
4[a, x, y, z] = 0 and as L has characteristic prime to 2, [a, x, y, Z] = 0; 
thus a E Z,(L). 
Let m > 1, and assume the result true for m - 1. Define 
K = {[a, zxl ,..., 2x,-l] I all a E L(g2,,J and all xi EL}. 
Then clearly K C L(g,,,) < Z,(L). Further L/Z,(L) has characteristic prime 
to 2, and 
by induction. Hence L(g,,,) < Z,,(L). 
This completes our induction on m and the proof of the result. For the parti- 
cular case we note that the conditions imply that L = L(g,,,) < Z&L). 
We remark that this result is the analogue of a group theoretic one by 
Heineken [9]. Furthermore it fails if the Lie ring L is allowed to have elements 
of order 2 as we shall show later. Nothwithstanding this we have the well 
known result (see for instance Higgins [IO], p. 11). 
Remark 2. We may of course define, as in the case of Lie algebras, classes 
of Lie rings. We use the same symbols for the sake of convenience. 
From 4.3 we deduce 
LEMMA 4.4. If L is any Lie ring, then L(gz,J E ‘Sam for allpositive integers m. 
Proof. Since (L(g2J)(gz,,) = L(g,,,), w.1.o.g. we may assume that 
L = L(gz,J. We induct on m. If m = 1, the result follows by Lemma 4.3. 
Let m > 1, and assume the usual inductive hypothesis. Let 
K = {[a, .gl ,..., .g,,+J I all Q, x1 ,..., xm-r EL). 
Then KC L(g,,,), and by (8) L(g& 4 L and so 
W&l) = wJ%2,lNh7A E W3F, 
by induction. But L(g,,,) E %, and the result follows. 
We are now ready to prove our second major result. Our plan of attack is 
as follows. We have an I-closed and Q-closed class X of Lie algebras which 
we want to prove is nilpotent. So we ask the following questions; 
Cure 1. L E 3E n a2 G- L is nilpotent (of bounded class) ? If so, then by 
Lemma 2.3, the case L E X n ‘$P is known for all m. 
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Case2. L = ((al,)) and LEX +-LE%~ for some d? If so, then L = 
{a*(L)) and L E 3E implies L E 3 md for all m (if also x EL implies x E am(L), 
then L E ‘$la+(“-l)d) and nilpotence follows by Case 1. 
To see this define for each j, 0 <j < m, 
Lj = (H(j)1 H = (XL) for some x E am(L)). 
Then L, = L, L, = 0, Lj 4 L and so Lj E X; and hence Lj/Lj,, E S. Further 
LjlLj+l = (4Wj+& f or all j, 0 <j < m. Hence the result. If also x EL 
implies that x E am(L), then it is easy to see that L/L, E (5, < 9Is < U2 and 
since L, E ‘$l(m-l)d, the required result follows. 
Case 3. Does the general case yield (possibly by some inductive process) 
something like case 2 ? (10) 
We will refer to this procedure as (10). 
First we apply it to the class %n+l,n . 
LEMMA 4.5. IfL is a metabelian Lie algebra and x EL such that [L, ,x] = 0, 
then for n > 1, (xL) E‘R,+~. 
Proof. In the same spirit as the proof of Lemma 2.5 or see [l]. 
Suppose that L E D,,,,,, n 212 so that by (l), L E En+r . Then for any 
XEL, 
(XL) E !I&. 
Let X = (xi ,..., x,) < L. Then X E 6, n al,8 < &;(,+,) . If n = 1, then 
L E %a , by Lemma 4.3. So assume that 12 > 1. Let m = f (n2, n) - 2. Let 
x EL and u = [x, 2x1 , x2 ,..., x,J. Then for any y1 , y2 ,... in L, 
[%Yl ,y2 ,-.I = [x, Xl ,Yl ,Yz ,*-*, Xl , x2 9*-*, %I E x9 
since X qn+l L. Thus (Z) < X. If (uL) $ &,, , then X = (uL) + (x0 for 
some i. But this implies that X E 9&, , since [(tlL), nxi] = 0, and so 
X E ih,.,,) ; hence m + 1 <f (n, n), a contradiction since n > 1. So 
<uL> E Sm and by Lemma 2.2, (uL) < Z,(L). But x and the xi’s were 
arbitrary and so we get 
[x9 2x11 E Gn+n-I(L) for all x, x1 EL. 
Hence L/Z,+,-,(L) E (E2 and so by Lemma 4.3, 
L4 G -Ga+n-l(L) 
which implies L = Z,,,(L) = Zf(,+)+n+l(L), a result which also holds 
forn = 1. 
528 R. K. AMAYO 
We deduce from (10) that 
LEMMA 4.6. For any n and d, there exists f4(n, d) such that 
2) n+1,n n 21d  %4hi) 
and f4(n, d) = ((1 + 2n + 2f(n2, n))“-’ + 1)/2. 
Remark 3. The methods used above can be applied to other cases. 
First if L E a,,, n ‘$I2 and L has characteristic p > n - r, then we can show 
that L E 5&t,,,) for some h(n, r). In this case we choose 
24 = [x , T&--7+1% 3 *2 >*a., 4 
and X = (xi ,..., x,). Then we employ the following result whose proof 
may be found in [3]. 
Over any field of characteristic 0 or p > n - 1, 
Now suppose that L E ID,,,,,, n a2, and is defined over a field of charac- 
teristic not 2. Let X = (xi ,..., x,) &L and u = [x, sxl , 2x2 , ,xa ,..., 2x,J. 
Then we get as before u E Z,.(L) f or some r. Now using L/Z,(L) and Theorem 
4.2, we get [x, sxJ E 2,+,(,-,)(L) and finally by our remark above, 
So we have, 
(11) 
over any field of characteristic not 2. 
LEMMA 4.7. If L E CCJ,+~,~ and L = (P(L)), then 
Proof. If n = 1, then L E C!Z2 < 212. Assume n > 1. By (10) we need only 
consider the case m = 1. So supposeL = (a(L)) and let X = (x1 ,..., x,) <L 
so that X an+l L. By Lemma 2.4, XE g,;,(m+l,n) and as 
n > 1, n + 1 <fi(n + 1,4. 
Let m, = fi(n + 1, n) - 1. Let u = [x1 , sz~, x, ,..., xn] and A any abelian 
ideal of L. Then [A, U] < [A, X”+l] < X, and so [A, U] E &,,, (for otherwise 
[A, U] = X and so dim X = n = f l(n + 1, n), a contradiction). Hence from 
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(4), AICA(4 E %n, - Let H = C,(U). Then A/H n A E &, for all abelian 
ideals A of L. But L = (a(L)) and so by Lemma 3.2, Lfrnl) < H = C,(u). 
Now the xi’s were arbitrary elements of L and in particular can be chosen 
from Ltm). Then we have u E Zl(L(ml)), From this we deduce easily that 
L(m’)/Z,-,(L(“‘)) E Ez < 212. 
Thus L(m1+2) < Zn-l(L(ml)) and so L(m~+~+~-l) = 0. This proves the case 
m = 1 and the general result now follows. The same bound on the derived 
length holds when n = 1. 
THEOREM 4.8. For any positive integer n, there exists f&t) such that 
2, n+1,n G flf,bd * 
Proof. If n = 1, put f5(n) = 3 and the result follows by (1) and Lemma 
4.3. Let n > 1, and suppose that for each r < n, ID,,,,, Q !llf,(,.) . Let m = 
f6(1) + *** + f5(n - 1). Let L E II),,,,, and x EL. Put X = (x), and let 
be the ideal closure series of X in L. Then by Lemma 3.5, for each i > 0, 
X,/X,+, E IDn+l--i,n--l < 9n--i+l,n--i < %f,(n-i) , by induction. SO 
But X, is abelian, since n > 1, and X < 2,(X,) 4 X,-r . Hence 
J!pn+l) = 0. 
1 
This implies that L = (a”+l(L)) and for every x EL, x E cx”+f(L). So by 
Lemma 4.7 and Case 2 of (10) we have 
L E ~2+dn+fJa+l.n)) 
Finally by Lemma 4.6, we have L E ‘%f,(n) , where 
fdn) =fdn, 2 + (fdl) + *** +fkn - l))(n +fdn + 1, 4)). 
This completes our induction on n and the proof of the theorem. 
Remark 4. We may employ Lemma 4.4. to prove that: If L E !D2n-3,n and 
L = (a(L)), then L E M hltn) for some h,(n). For this we let 
x = (x1 ,...) x,) <L 
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and u = [.x1 , sxs ,..., ax,]. By Lemma 2.4, X E 5, , where nt = X(2n - 1, n). 
This gives Lcm) < C’,(u), by the usual sort of argument. Finally pick the xi’s 
to be arbitrary elements of Lfrn). Then we have 
p)/.&(L(*)) = (L(“)/Z,(L(“)))(g,,,_,) E 212(la-l), 
by Lemma 4.4, and the result follows. 
5. A COUNTEREXAMPLE 
THEOREM 5.1. Let f be a field of characteristic p > 0. Then there exists a 
nonnilpotent metabelian Lie algebra L defined over f such that 
Proof. Let B be an abelian Lie algebra over f with basis (bi 1 i = 1, 2,...}. 
Define U = U(B) to be the universal algebra of B. Then U is a commutative 
and associative algebra with unit and it is a B-module under the usual action 
(see for instance [4]). Let V be the submodule of U spanned by all hip for 
i = 1, 2,... so that V = x:d Ubi’. Define A = U/V. Then A is a B-module. 
Consider A as an abelian Lie algebra over f and form the split extension 
L=A+B, where A 4 L and AnB=O. 
For any tl, b,b, ... b,+I # 0 mod V, and so L $ !R. Clearly L E ‘W. Now if 
x E B, then x = xi eib, , where the ei E f. Considering x as an element of U 
we have (since f has characteristic p) 
x~ = 1 e,pbiP E V. 
z 
Therefore for any a E A, 
[a, ox] = axp = 0. (12) 
Now let x1 ,..., x, E B and X = (xi ,..., x,). Then for any r, [A, ,.Xj is 
spanned by elements of the form 
[a 3 rp1 9 7*x2 >-*-9 r,xnl 
where a E A and r, + *** + r, = r, since U is commutative. In particular 
if r = n(p - 1) + 1, then some ri > p - 1 and so by (12), [A, JJ = 0. 
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But it is easy to see that 
(A + x)c+’ = [A, J] 
andsoifr=n(p-l)+1,thenA+XE’%2,.ClearlyA+X~Lsofor 
any subalgebra Y of A + X we have Y 4’ A + X Q L. In particular if 
a, ,..., a, E A and H = (a1 + x1 ,..., a, + x,), then H < A +X and 
therefore 
But every en-subalgebra of L is of the same form as H and therefore 
L E %A+2,* 
for every positive integer 12. 
We note that the L of Theorem 5.1 lies in 9,+,,, < @,+, . Thus over any 
field of characteristic p > 0, there exists a nonnilpotent metabelian Lie 
algebra satisfying the (p + 1)th Engel condition. 
We mentioned in Section 4 that over any field of characteristic 0 or 
p>n-1, 
a,n212 d91n+1. (13) 
If p = 2 or 3 in Theorem 5.1, then clearly the counterexample there is the 
best possible since by Theorem 4.8 and by (1 I), 
3 n+l.lz n 212 G % and ID2n+l,n n 21~ < % 
respectively. We will now prove that for a given p, the example of Theorem 5.1 
is the best possible. To do this we need (13) and 
LEMMA 5.2. Let n, m be positive integers and L a Lie algebra defined over a 
fkld of characteristic zero or p > n. If L E ‘1za, then L(g,,,) < Z,,,(n+I)(L). 
Proof. If the result is true for m = 1, then since for m > 1, we have 
for all x EL(g,,,) 
and yi’s in L. it follows that 
b%wn) + zn+l(LN/z?a+l(L) G Gw7b+1(LNknm-1) 
and the required result will follow by induction on m. 
Thus it is enough to establish the case m = 1. Now by Lemma 4.1, 
L(g,,J 4 L and so if H = [L(g,,J, L], then H Q L and H < L(g,J n La. 
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Thus if u E H and x, y EL, then since L2 is abelian we have 
b, x, yl = [% Y, xl. (14) 
For each x EL, let d, : H -+ H be the Lie endomorphism of L defined by 
ud, = [u, x] for all u E H. Then we have 
d,n = 0 and d,d, = d,d, (15) 
for all x, y EL, since H < L(g,,J and by (14). 
We claim that if xi , x2 ,..., x, EL and di = dzi , then 
d; . . . d,“l = 0 if n, + *** + 71, = n (16) 
We use induction on r. If r = 1, the result follows from (15). Suppose (16) 
is true for r and all xi EL. Consider 
@d:“’ . . . d> where n,+n,+**.+n,=n. 
Clearly we may assume that no ni is 0. Let s = n, + n, and let x,, , xi induce 
do and dl respectively. Define for each i, 1 < i < s - 1, zi = ix, + xl and 
let dg, be the endomorphism of H corresponding to zi . Clearly dzi = id, + dl 
s+n,+ ... + n, = n. Therefore by the inductive hypothesis on I, 
0 = d,“,d,“p *-* dp = (id,, + d,)‘dp ..* d,“l. 
Using (15) and the inductive hypothesis on r we have 
iu, + i2u2 + *.* + it-lu,-1 = 0 
where for each j, 1 < j < s - 1, 
(17) 
uj = 
0 
f  d&j;-l--j@ . . . d,“l 
and (j) is the usual binomial coefficient. Thus each ui is independent of i. 
If we let i range from 1 to s - 1 we obtain from (17) a system of s - 1 
equations in s - 1 variables with matrix V = (ij),Gi,jGs-l . Clearly the 
determinant of ‘v is (s - l)!. n iGiitGs-i(i -j) and so is not zero in charac- 
teristic zero or p > n, since s - 1 ,( n - 1 < p - 1. Thus V is nonsingular 
and so (17) has the trivial solution. 
ill = *-* = u,-1 = 0. 
In particular us0 = (i,) d,“od,nl *** dp = 0. But s < 71 < p in characteristic 
p and so in any case, 
d,n”dp . . . d? = 0 
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and our induction on r is complete. This establishes (16) for all r, and in 
particular drd, *.. d,, = 0 for all di . Therefore H < Z,(L) and finally 
L(g,,J < Z,+@) and the proof is complete. 
Remark 5. One can prove (13) by showing that if L E En n ‘$12, then 
L3 < L(g,& (for n > 1) and then the result will follow from the proof of 
Lemma 5.2 (for clearly we could have defined H = L2 n L(g,,,)). 
COROLLARY 5.3. If L E a2 and L is defined over a Feld of characteristic 
xero or p > n, then L2 n L(gn,,J < Z,,(L). In particular if L E Z)m+1,7, then 
L E %lz+Pw,,d+l * 
Proof. The first part follows by Remark 5 and simple induction on m. 
For the second part let x1 ,..., X, EL and X = (x1 ,..., 2,). Then as before 
X E 8, n ‘3b., < iI& . Let s =f h, r> and ~4 = Lx, n+l~l , ,x2 ,..., n4- 
As in the proof of Lemma 4.7, we have (&) < Z,(L). Thus u E Z,(L) and so 
modulo Z,(L), [x , ,+r~r] E L(g,,& n L2, for all x and X, in L. Hence by the 
first part [x, n+l~J E Z,+-,)(L) (modulo Z,(L)). Therefore 
and the required result now follows by (13). 
We can now deduce that over any field f of characteristicp > 0, 
and so the example of Theorem 5.1 is the best possible. Furthermore such 
an example would be impossible over a field of characteristic zero. 
From Corollary 5.3 and Lemma 2.3 we have 
THEOREM 5.4. Over any field of characteristic zero or p > m, 
where fs(n, m, d) = ((2mn + 2f(n2m, n) + l)d-l + 1}/2. 
The result for fields of characteristic zero may also be obtained from 
Theorem 1 of Higgins [IO] p. 9. 
We leave unanswered the question of whether over a field of characteristic 
zero, 2, n,l < W for every n. Looking at (10) it is clear that this will be true 
if we can show that whenever L E a,,, and L = ((Y(L)), then L E ‘$,+, , 
for some h,(n). 
We would like to remark here that W. Unsin [16] has produced for each 
field of characteristic p > 0 (p any prime) a nonnilpotent metabelian Lie 
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algebra with every subalgebra a subideal. So we have 
anaa<iR 
over any field of characteristic not zero. We do not know whether this will 
hold for fields of characteristic zero. 
6. APPLICATIONS TO TORSON FREE GROUPS 
In this section we consider Lie algebras which are defined over a fixed but 
arbitrary field f of characteristic zero. 
We will use the same notation for classes of groups as we have for Lie 
algebras. However, we denote by U,,, the class of all groups G in which 
every @,-subgroup is subnormal in n steps in G. We also denote by 5-8, the 
class of all torsion free groups. 
It is well known (see for instance [12]) that U,,, < L%. Let G be a torsion 
free locally nilpotent group. Then it is known that G can be embedded in a 
complete torsion free locally nilpotent group (in the sense of Kurosh [ll] 
p. 248). We let G* denote the completion of G. Let xi ,..., x, be elements of 
G*. As G* is the isolator of G we can find an integer k such xjk E G for each i. 
Thus if GE U,,, then (xrk,..., xrk) 4% G and so H* qn G*, where H = 
<x*k,..., x,.~). Clearly if K = (xi ,..., x,), then K* = H*. 
The Malcev correspondence states that to each complete ~'9 n g+group 
G*, there corresponds a Lie algebra L(G*) defined over the rationals (see for 
instance Stewart [ 141). This correspondence takes complete normal subgroups 
to ideals, preserves nilpotency (of same class) and solublity (of same derived 
length) and so on (see Stewart [14] Theorem 2.4.2 p. 304). 
From this and our remarks above we deduce easily that 
LEMMA 6.1. If GE U,,, n @-“, then L(G*) E a,,, . 
The converse of this result is false (see Stewart [13] p. 313-316). As an 
application of theorem 3.3 we have 
THEOREM 6.2. Let n be a positive integer and G a tom&m free group and 
XCGsuchthatG=(X)and 
(i) ifxEX, then (XG)EU 
(ii) if x1 ,..., x, E x, then (Xl ,..., x,) Q” G. Then G E U’(n.n). 
Proof. Evidently GE ~'3 n g-*. Let G* be its completion and 
L = L(G*), the Lie algebra corresponding to G*. Clearly L is generated as 
a Lie algebra by the image of X under the correspondence. Let x E X, 
A CLASS OF NILPOTENT LIE ALGEBRAS 535 
x-+ycL and H = (Xc} and K = (yL). Then HE%, so H*~%which 
implies that L(H*) E ‘$I and so K E 2l. Given x1 ,..., x, E X and 
H = (xl ,..., x,> < G. 
Let xi + yi under the correspondence. Then L(H*) = ( y1 ,..., y,J and 
since H Q% G, H* Q G* and therefore L(H*) qn L. Thus the conditions 
of Theorem 3.3 are satisfied and therefore L E ‘Wnsn), which implies that 
G* E 2V(n*n) and finally G E ‘Wn*n). 
Let L be a Lie algebra, L E L‘% (over the fixed field f of characteristic zero). 
Then by Hartley [7l if A, B !Z L, 
AB = 1 NJ 
Beexp(B) 
where exp(B) is the group of automorphisms of L induced by the elements 
of L and the summation denotes vector space summation. 
LEMMA 6.3. If (5, < 91f,(,) , then for any Lie algebra L, 
J%c,7J d %,o 
for all positive integers n. 
Proof. By induction on n, in exactly the same way as the proof of 
Lemma 4.4. 
Remark 6. Lemma 6.3 has been stated for fields of characteristic zero. 
However if (E, < %f,(c) is true for Lie rings of characteristic prime to say 
ml , m2 ,..., then Lemma 6.3 will be true for all Lie rings of characteristic 
prime to (c - I)!, ml , m2 ,.... 
LEMMA 6.4. (Over fields of characteristic zero). Let L be any Lie algebra 
such that L = (O(L)) and L E B(n--l)c+l,n. If EC < !Jlf,(,) , then there exists 
fs(n, c, m) such that 
L E (Ulsh.c.m) 
Proof. By (10) we need only prove the case m = 1. So let 
L = (or(L)), L E ?blh+l*~ 
and suppose that e0 < 91f,o . Let x1 ,..., x, EL and X = (x1 ,..., x,). By 
Lemma 2.4, XE Tff (h-l)c+l,n) . Put s = fi((n - 1)~ + 1, n). Define II = 
[Xl , $a s*-*, ~~1. Then for any abelian ideal A of L, [A, u] < X and so 
[A, u] E 5,. Therefore by (4), A/C,(u) E 3*. Let H = C,(U). Then 
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H n A = C,(u) and so by Lemma 3.2, since L is generated by abelian 
ideals we have 
L(S) < C,(u). 
But the xi)s were arbitrary elements of L and so can be taken from L(‘) 
and in this case we have u E Z,(L(“)). Thus 
L’“‘/Z,(L(“)) = (L(“‘/Z,(L’“‘))(g,*,_,). 
Therefore by Lemma 6.3, L(S+T+l) = 0, where r = (n - l)f,(c). This 
proves the case m = 1. So we may define 
We are now ready to prove our main theorem. First suppose that L E L‘S 
(over a field of characteristic zero). Suppose that H CI’L and 
H=H,qH,-,q .+.~H,QH,,=L 
is the ideal closure series of H in L. Now for each i, 0< i < r, Hi = 
(HHi-1) = (H,T<‘). Therefore by (lg), Hi = (H,+1 1 0 E exp(HimI)). For 
each 8 E exp(Hi-,), it is clear that H,.e = Hi since Hi Q Him1 . Thus as 
H,+1 4 Hi , we have H,+1 d Hi for all 6 E exp(Hi-J. In particular 
if Eli+1 E 21di, then Hi = (adi( (1% 
THEOREM 6.5. To any positive integers c and n, there corresponds an integer 
f&n, c), depending only on n and c, such that 
whenever 
%--l)c+1.n < %&a.e) 
EC G %,(c) for some f,(c). 
Proof. Let L E a(n--l)o+l,n and suppose that (E, < %,,cc) . Define for each 
i,O<i<(n-l)c, 
4-, = fe(n, c, 4) (20) 
and let dtneIJe = 1 and put m = d,, . (in case 12 = 1, we put m = d, = 1). 
Suppose x EL and H = (x), so that 
is the ideal closure series of H in L. By Theorem 2.1, L E L’S and so (19) 
applies. Now H = H(,-I~C+l E ILI. Suppose inductively that H,+1 E SCdc, 
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0 < i < (n - 1)~. Then since Hi E D(n--l)c+l,s , it follows from (19) and 
Lemma 6.4 that Hi E %Zls(n*c*df) = 91Ld+l , by (20). Thus for each i, 0 < i < 
(n - l)c, H,+1 E adi. In particular H1 = (A+) E 2P. But x was an arbitrary 
element of L and so L = (P(L)). Finally by Lemma 6.4, L E Ufs(n*c.m). We 
note that did1 = fs(n, c, di) = difs( 7t, c, 1). Thus as d(+l)e = 1, we have 
m = {fs(n, c, l)}(+nc and so if d = {fs(n, c, I)}(n-l)c+l, then L E 2P. Clearly 
L E nw+1.n and so by Theorem 5.4, L E %f,(a,c,d) . So we may define 
f&b 4 = f&b c, (1 + (n - l)f,(c) + fib - lb + 1, n)Yn-l)c+l)* 
Clearly f,( 1) = 1, and by Higgins [lo] and Heineken [8] (clearly we need 
only insist that & < ‘%C~T(~) in the statement of Lemma 6.4; see Remark 6 
below) 
f,(2) = 2, f,(3) = 3, f,(4) = 5. 
Thus we have that X~a~-r,~ , jD3n-2,n , D)41a--3,n are all nilpotent of class 
depending only on n. 
Remark 6. Suppose that & < ‘%Z~T(~). Then for any Lie algebra L, 
L(gC ,) E QPf+). The proof of this is by simple induction on n. This is what 
we use in the proof of Lemma 6.4 and so we may replace ‘EC < !Rf,tc)’ in 
both Lemma 6.4 and Theorem 6.5 by ‘C& < 9P)‘. 
By the Malcev correspondence, Lemma 6.1 and Theorem 6.5 it follows 
that 
THEOREM 6.6. If c is a posit& integer such that (5, < 2Wc) then 
%-1h+1.n n 5-s G %8h,c) . 
In particular the following classes of groups 
G,, n 5-7 Kn-l,n n 5-7 %+2,n n 5-8, 
are all nilpotent (of class depending only on n) classes. 
We have not been able to determine whether (EC < ‘%frtc) implies that 
rD AC.78 G %h,(n,e) for some h,(n, c). It is true for n = 1 of course. Indeed if 
& < 9Ifr@), then ID,,,,, < ?I&+) . 
7. APPLICATIONS TO PERIODIC GROUPS 
In this section we concern ourselves primarily with the classes U,,,,, and 
u. * We will show that if there exists (for some n) a counterexample to the 
niypttency of the class U,,, , then there is one which is hypercentral. 
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If G is a group then r,‘(G), Z,(G) and G tn) will denote the nth terms of its 
lower central series, upper central series and derived series respectively. 
Square brackets [ , ] will now denote “commutator”. 
Let G be a L‘S-group and T its torsion subgroup. Then G/T E s-” and T 
is a direct product ofp-groups (one for each primep). In particular if G E U,,, . 
then G/T E U,,, n BPS and T E II,,, . By Malcev, Lemma 6.1 and Theorems 
3.6 and 4.8 we have: 
G E U,,, implies G’f3’“” < T; G E u,,,,,, implies GUS(“)) < T. (21) 
I f  in either case we can show that for some fixed t = t(n), T E W, then G 
is soluble and so nilpotent by Theorem 7.5 below. 
First we need the group theoretic counterparts of Lemmas 3.1 and 3.2. 
LEMMA 7.1. Let A, B, H be subgroups of a group G and let J = (A, B, H). 
Suppose also that A and B are normal abelian subgroups of J. If Y  is a positive 
integer such that 1 A/H n A 1 < Y  and 1 B/H n B 1 < I, then 
N-4 BIIH n [A, Bll -C Y, 
wheneverr > 1. 
Proof. In exactly the same way as that of Lemma 3.1. 
COROLLARY 7.2. Let A, B, H < G, with A, B u J = (A, B, H) and suppose 
thatAandBareabelianand~A/HnA~<coand~B/HnB~<w.Let 
m be a positive integer such that if aprimep divides 1 A/H n A 1 or I B/H n B I 
then pm is the highest power of p dividing / A/H n A ) OY j B/H n B 1. Then pm 
does not divide [[A, B]/H n [A, B]I, whenever m > 0. 
Proof. I f  p is a prime and A/H n A, B/H n B are both p-groups then 
the result follows from Lemma 7.1 on putting Y  = pm. 
Now suppose that A and B are finite groups. Then A is a direct sum of 
p-groups A, , and similarly for B. Clearly [A, B] is a direct sum of the groups 
IA, , Bi] and so if for some p the result is false, then 
and similarly for B, . But this implies that [A, , BP] < H, a contradiction. 
In the general case it is clear that we can find an rz such that An (the set of 
elements an with a E A) and Bn are both inside H. But An 4 J and B” Q J 
and so by factoring out C = A”Bn we are back in the situation just considered. 
So again, since the hypothesis is satisfied (replacing G with J/C and A, B, H 
by AC/C, BC/C, H/C, respectively), the result holds and the result is proved. 
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In the corolllary above if A, = {a E A 1 up’ E H for some i} then clearly 
A,/H A A Q AH/H n A, and so if G E L'S, then 
A,IH n A < Z,,,(AH/H n A). 
Hence as A/H n A is a direct product of the A,IH n A, we get A/H n A < 
Z,(AH/H n A). Thus [A, mH] < H n A. 
We can now deduce, in exactly the same way as Lemma 3.2 was obtained 
from Lemma 3.1, 
LEMMA 7.3. Let {A, 1 i E I} be a collection of abelian normal subgroups of a 
group G and let K = Ai 1 i E I(). Suppose that H < G with 1 A,/H n Ai 1 < 00 
for all i E I and m is a nonnegative integer such that for any prime p, pm is the 
highest power of p which can divide 1 A,/H n Ai 1 for any i E I. Then 
If also G E ~'32, then 
H +m+1’/2 KH. 
We remark that the group theoretic counterpart of Lemma 2.3 also holds 
(i.e., with X an s,-closed and Q-closed class). Furthermore it is known that a 
group satisfying the 2nd Engel condition is nilpotent of class 63. 
Now the Derived Join theorem also holds for groups (see Roseblade [17]). 
Thus it is not hard to see that we can state: 
If G E U,,, n Q& , then there exists fio(n, Y) such that 
H < G implies HE Ofl,(n,r) . 
We also need a result Gruenberg [6] (Lemma 4.1 p. 451), 
(22) 
LEMMA 7.4. Let I3 be an abelian group, and let A be a B-module such that 
[u,,b]=l,foraZla~A,b~B. Then 
[A, 2n -1 Bin* = 1, 
where 1 * = 1 and, when n > 1, n* = n(n - l)“(n - 2)2” ... 22n-5. 
Now let GE Un+l,n n a2 and put A = G(l). Then clearly A is a G/A- 
module and so if I = (n + 2)* and s = 2”+i, we have Ar < Z,(G). Thus 
modulo Z,(G), A has exponent Y. 
If follows as for Lie algebras that if K E ‘SC n 0,. and 
H < K, then HE O,(o.r) . (23) 
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Clearly if x E G, then (xc) E sZn+s and so if X = (x1 ,..., x,) < G, then 
XE%, where t = n(n + 2). Let m = f(t, n)r. Then modulo Z,(G), 
IXnA[<m. 
If a E A and x, y E G, then clearly [a, xv] = [u, x] and so if 
then 
uy = Rx, xlIY, x1,x2 ,.-*, %I EX, 
as X @fl G. So (uG) < X n A and so (tic) < Z,(G), modulo Z,(G) (for 
G E ~33). But x and the xi’s were arbitrary and hence G/Z,,+,+, satisfies the 
2nd Engel condition. Hence I’,‘(G) < Zs+m+n--$(G) and so G E %8+m+n+l. 
With this and our remarks above we now have 
THEOREM 7.5. Given any positive integers n, m there exists fil(n, m) such 
that 
u n+l.n n am G %ll(n,m) . 
Here fil(n, 2) = 2n+1 + f (n(n + 2), n)(n+2)* + n + 1. 
Given a group G and a positive integer integer m, we define 
aG(G) = {x E G 1 (x) E ‘P}. 
What we said in (10) holds for groups as well. If G is a group and H < G, 
and H = H,, 4 HnW1 CI -*- HI Q HO = G is the normal closure series of H 
in G, then Hi = HHi-l = Hz;‘. Thus if H,,, E ‘PQ, then Hi = (ama(H 
From this it is easy to see that we can settle the question of whether 
or not K,, or Un+l.n is a nilpotent class (of bounded class depending on n) 
if and only if we can settle the question of whether whenever a group G E U,,, 
or %+l,n and G = (a(G)), then G is soluble of derived length depending only 
on n. 
For the sake of simplicity we consider only the class U,,, . Let G be any 
group, A a normal abelian subgroup of G, x E G and X < G. Then clearly 
W.4(4 Es [4 xl and [A, r,‘(x)1 < [A ix1 
(Here [A, x] is the group generated by all [u, x] with a E A) 
Let m = fio(n, n) + f3(n). Then we claim that: 
(24) 
If G E U,,, and G = (a(G)), then G(m) = Z,(G(m)) (25) 
NOW by (21) G(fs(n)) < T = torsion subgroup of G and clearly for each i, 
G(“) = (a(G) n Gci)). Thus putting r = fio(n, n) we can establish (25) by 
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assuming that G is periodic and proving that G(I) = Z,(G(r)). But then if 
A 4 G, /l(l) = 1, then A is a direct sum of p-groups A, (one for each prime) 
and clearly the ,p-subgroup G, of G is generated by the A,‘s. Thus we may 
further assume that G is a p-group for some prime p. 
With these hypotheses let x1 E al(G) n G (r). We will prove that if 1 x1 ] = ps, 
then x1 E Z,+,-,(G(r)). This will give us the required result. To prove that 
x1 E Zn+s-l(G’T)), it is clearly neough to show that for any xa ,..., x, E Go), 
u = [xl , x2 ,..., xn] E Z,(G”‘). 
But for any integer i, since x1 E a(G), we have 
28 = [Xii, x2 ,..., XJ. 
From this it easily follows that we can employ induction on s and so may 
assume that / x1 1 = p and then show that for any u above, u E Z,(G’)). Let 
us work with this new assumption and fix arbitrary elements x, ,..., x, in G(r) 
and define u as above. Then u E or(G) n G(r) and 1 u 1 < p. Let X = 
(Xl ,*.-, x,J. Let H = C,(u) and A be an abelian normal subgroup of G. Now 
u E I,‘(X) and X U” G and so by (24), [A, u] < X and A/H n A z [A, u]. 
From (23) it follows that [A, u] E 8, . Furthermore [A, u] has exponent p 
(since I( E a(G), for any a E A, [a, u]” = [u, u*] = 1, since ( u / = 1 or p). 
Therefore 1 [A, u] 1 < pr and so ( A/H n A / < p’. Since G is generated by 
such A’s it follows by Lemma 7.3 that 
G’r) < H = Co(u) 
and, since u E GtT) we have u E Z,(G). This completes our proof and so (25) 
is established. 
It is not very hard to see from the argument above that we can prove: 
THEOREM 7.6. Let GE U,,, and let m be a positive integer such that if x 
is an element of prime power order in G, then I x I < pm (if I x I = pi for the 
prime p). Then there exists fiz(n, m) such that 
We note also that the solution of the following problem will decide that 
of the class Un,n: 
Let G be a p-group (p prime), G = (a(G)) = Z,(G) and suppose also 
that if XE or(G), XP’ = 1, then x E Z,(G) and that GE U,,, . Does there 
exist d = d(n) such that G E ad ? 
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